The knowledge about the zeros of the partition function is crucial for study of phase transitions. This topic has long history and powerful approaches were developed for canonical and grand canonical ensembles. The current work considers isothermal-isobaric ensemble (NPT-ensemble) which is one of the most relevant for the modeling of the experimental conditions, especially in the case of phase transitions. We have obtained a novel expression for real fluid partition function in NPT-ensemble represented in terms of cluster integrals. Our approach allows to avoid density limitations and to obtain the zeros of the partition function in NPT-ensemble. This method has been tested on well studied systems such as Tonks gas and van der Waals fluid. In the first case, our theoretical results for the distribution of the zeros in the thermodynamic limit have excellent agreement with direct calculations. In the second case we have calculated the zeros distribution and proposed the equation of the limit curve for the zeros in NPT-ensemble. This curve fits calculated zeros well and correctly describes the phenomenon of phase transition. * A footnote to the article title †
I.
INTRODUCTION:
Equilibrium phase transitions correspond to discontinuities in the derivatives of thermodynamic potentials with respect to the control parameters. The potentials are defined in certain thermodynamic ensemble and can be calculated using corresponding partition function (p.f.). Thus, the distribution of the zeros of the p.f. is crucial for the analysis of phase transitions. This problem has a long history since the seminal works of Lee and Yang [1, 2] , where authors considered the zeros of the p.f. in grand canonical ensemble. In this case the zeros are located on complex fugacity-plane and never reach the positive real semi-axis. However, Lee and Yang demonstrated that in thermodynamic limit the zeros can trend to a point on the positive real axis inducing phase transition. Later, Yang-Lee zeros were investigated for various system in grand canonical ensemble [3] . Also this approach was successfully developed for canonical ensemble in the terms of Fisher zeros [4] . Fisher zeros lie on the complex temperature-plane and can be closed up on the positive axis in the thermodynamic limit. The distribution of Fisher zeros crucially differs from Yang-Lee zeros and has more complicated structure. Fisher zeros demonstrate strong sensitivities to the type of interaction and lack of well-defined limit curve. For these reasons overwhelming part of results is numerical calculations and application of finite size scaling theory [3] . Thus, firstly, analysis of the zeros of the p.f. in canonical ensemble allows to obtain additional information due to unique properties of the zero distribution. Secondly, some phenomena and the experiments can be correctly defined in particular ensembles only. For example, in work [5] authors investigated Bose-Einstein condensate in harmonic trap corresponding to finite system of small argon clusters and phase transition in the system was analyzed in terms of the zeros on complex temperature plane.
Here we are focused on the study of the p.f. zeros in another popular ensemble. It is well known that a lot of results for physical measurements of fluids properties correspond to conditions when the pressure and the temperature are constant. Thus, NPT-ensemble (isothermal-isobaric ensemble) is one of the best model to match experimental conditions and it is used on routine basis for the studies of phase transitions by modeling [6, 7] . For these reasons rigorous description of phase transitions in terms of the p.f. zeros in isothermalisobaric ensemble is an actual problem.
II. ZEROS OF PARTITION FUNCTION
NPT-ensemble corresponds to the system with fixed (N, P, T ), where P is the pressure, N is the number of molecules and T is the temperature. This ensemble was introduced by Guggenheim as summation of the p.f. in canonical ensemble over discrete volume [8] . Now the p.f. is used in continuum limit and can be written as the following integral [9] :
where Q N (V, T ) is the p.f. in the canonical ensemble, λ = P/k B T = βP and V 0 is the volume dimension parameter. The choose of V 0 was discussed in several works [10, 11] and it was demonstrated that its choice is crucial for the finite systems. In this work the major results correspond to the thermodynamic limit and for this reason V 0 = 1 has been assumed as in [9] . However, it is easy to show, that our approach is valid for more sophisticated cases
Let us consider N molecules interacting with each other by some pair potential U (r),
where r is the distance between a pair of molecules. Then the p.f. of canonical ensemble can be written in terms of cluster integrals b k [9] :
The summation in (2) is carried out over the partitions {n 1 , ..., n N } corresponding to N = N k=1 kn k . The number of all partitions of a natural number is an extremely fast increasing function. For example, in the case of N = 137 there are 11097645016 ways to write the set {n 1 , ..., n 137 }. For this reason, assuming arbitrary sequence of {b k }, the direct calculations of (2) is impossible [12] . However, in this letter we demonstrate that rigorous combinatoric result can be obtained for (1) .
For the further simplicity it is convenient to perform the following identical transformation for integrand in (1) and then to execute the Laplace transform over the volume V :
Let us analyze expression (3) considering it as a polynomial of 1/λ. The degree of this polynomial can be obtained as follows: the sum k n k has the minimal value corresponding to the case when all N molecules are contained in the largest possible cluster of size N , then n i<N = 0, n N = 1; the maximal value of the sum is defined in opposite case when all clusters are monomers, then n 1 = N , n i>1 = 0. Thus expression (3) can be represented as:
where {a k } N k=1 and {ā k } N k=1 are the coefficients depending on b k . As one can see from (4) 
The p.f. (4) has direct analogy with representation of p.f. for grand canonical ensemble in terms of Yang-Lee zeros [2] . Indeed, using thermodynamic properties of NPT-ensemble, the chemical potential µ can be obtained from:
In the thermodynamic limit the summation in the above expression can be substituted by the integral over a certain region Γ containing all zeros {λ i } N −1 i=1 on the complex λ plane, with a local density η(λ).
The roots {λ i } N −1 i=1 can be calculated from (3) after the transformations. For this reason some combinatorial preliminaries can be useful. The Newton's identity allows to express the power sums in terms of the elementary symmetric polynomials:
(−e k ) n k (7) where p N (x 1 , ..., x N ) is the power sum symmetric polynomial, e k (x 1 , ..., x N ) is the elementary symmetric polynomial
In order to use expression (7) in the calculations of (4) we have rewritten the elementary symmetric polynomials in terms of cluster integrals b k using the following polynomial equation:
From Vieta's formulas one can obtain the following expression:
where ξ k , k = 1, ..., N are the roots of polynomial equation (9) . Thus, using expressions (7) and (10) the p.f. (3) can be calculated as follows:
Accounting for that the roots of (9) ξ n = 0, for n = 1, ..., N , it is more convenient to consider the new variables z n = 1/ξ n . Using definition of the power sum symmetrical polynomials one can obtain the p.f. (11) in the terms of the roots {z n } N n=1 :
where the roots z n can be found from the following polynomial:
then the coefficients α n can be represented as implicit function of λ using (13)
Thus, expression (12) with equation (13) allows to calculate the p.f. in NPT-ensemble for any λ and for finite number of molecules N (it is useful for application to small systems [13] ).
Obtained p.f. (12) is similar to the p.f. of Potts and hard hexagons models in terms of transfer matrix [14] . For this reason, the approaches which were developed to study the zeros of these p.f. can be used in the case of NPT-ensemble. The zeros of Potts model were studied using Beraha-Kahane-Weiss theorem (in the form which was proved by Alan Sokal in [15] ). Accounting for α n (λ) = 0, here it is more convenient to consider equimodular curve as in work [16] dedicated to hard hexagons model with various boundaries conditions. In accordance to this approach, in the thermodynamic limit the p.f. will have zeros when two or more maximum terms in the series (12) have equal moduli [16] :
where i and j are the indexes corresponding to maximum terms.
As one can see from the expression (14) the coefficient α n has the singularity when z n is the root of (13) and the root of the polynomial N k=1 kb k z k−1 n = 0 simultaneously. On the other hand, this condition is satisfied automatically in the case of multiple zeros of the polynomial (13) . Indeed, if z n is a multiple root of (9) then it is a root of the following polynomial:
kb k z k−1 n = 0 for n = 1, ..., N − 1.
Let us consider some λ in sufficiently small vicinity of one of (N − 1) points defined as λ n = N k=1 b k z k n , where z n , for n = 1, ..., N − 1, are the roots of (16) . Then, in the vicinity of each λ n , one can find such λ that for any small and any large δ there are roots of (13) z i and z j such that |z i − z j | < , |α i | > δ and |α j | > δ. Thus, in the thermodynamic limit the p.f. (12) can be written as:
with α j /α i = r 1 e iφ 1 and z j /z i = r 2 e iφ 2 . In accordance with (15) the condition for a zero in the thermodynamic limit is:
from which one can obtain [16] 
One can see that in the thermodynamic limit a zero of the p.f. (12) corresponds to the condition that z i → z j . This fact satisfies our initial choose λ sufficiently close to λ n , for n = 1, ..., N − 1. As it was shown above, the p.f. in NPT-ensemble has exactly N − 1 nontrivial isolated zeros on complex λ-plane. Thus all these zeros can be found from the condition for multiple roots (16) . In the thermodynamic limit the zeros of p.f. on λ-plane are defined by the following expression:
kb k z k−1 n = 0, n = 1, ..., N − 1.
III. RESULTS
Developed approach has been verified and illustrated in the cases of one dimensional hard-sphere gas (Tonks gas) and for van der Waals (vdW) fluid. In the case of hard-sphere gas, there is possible to describe NPT-ensemble by both our approach in terms of exactly known cluster integrals (19) and by direct calculations of p.f. using definition (1) . The exact solution of this system allows us to formulate explicit equation of the limit curve on λ plane for the zeros of the p.f. in the thermodynamic limit. In case of van der Waals equation only approximated coefficients b n are available. We have compared results of (19) and our analytical predictions for the zeros limit curve.
A. Tonks gas
For the system of one dimensional hard sphere gas the p.f. in canonical ensemble is exactly known:
Let us start with direct calculation of NPT-ensemble p.f. using the definition (1):
where e N (x) = N k=0 x k /k! and Γ(N + 1, −N λ) = N !e N λ e N (−N λ) are used. Thus the zeros of the p.f. (21) are defined by scaled exponential sum e N (−N λ). In 1924 Gabor Szego showed that the roots of e N (N ζ) in the limit N → ∞ trend to the following curve on complex ζ-plane, |ζ| < 1 (now often titled as the Szego curve) [17] :
The limit form zeros of the p.f. (21) on λ plane can be easily obtained from (22) after the following substitution ζ ← −λ, this curve is shown in Fig. 1 .
On the other hand, one can obtain exact expression for the cluster integrals b n = (−n) n−1 n! from EOS [18] . Then in accordance with our approach (19) the zeros of the p.f. (21) on the 
B. van der Waals equation
One of the most popular model for real fluid is van der Waals equation of state, which can be written in the following form:
It is well known that this model is able to describe phase transition for β > β c = 27/8. In order to consider this system in terms of zeros on λ-plane expressions for b n are needed. In the case of vdW fluids virial coefficients are known exactly: (black circles) and the limit form in terms of modified Szego Curve (28) (blue solid line) and the coefficients b n can be found from [9] :
where β k = −B k+1 (k +1)/k are the irreducible cluster integrals. The first several coefficients can be calculated directly from (25). In order to obtain b n for the large number of molecules we have accounted for in (25) the most probable set {n * k } only. Using Lagrange's method of undetermined multipliers, we have [9] :
where constant α can be found from the constraint n−1 k=1 kn k = n − 1. Thus the most probable distribution is n * k = nβ k α k and α is the smallest positive solution of the polynomial (n − 1)/n = n−1 k=1 β k α k . Using above approximations for b n we have studied vdW fluid in terms of the p.f. zeros in NPT-ensemble. Fig. 2 and Fig. 3 demonstrate representative examples of the zeros dis- tributions at β > β c . As one can see from Fig. 2 , the zeros trend to certain limit curve as the number of molecules N increases. In order to analyze the limit curve of vdW zeros on the λ-plane we have applied Szego curve in modified form: Obtained equation (28) for the limit curve can be used to characterize the nature of the phase transition which takes place when the zeros converge to some real point λ P T . As was shown in (4) the p.f. for NPT-ensemble in terms of λ zeros has the same form as the result of Yang Lee for grand canonical ensemble. For this reason description of phase transition in terms of Yang Lee zeros can be applied to the zeros on the λ-plane [3] . More precisely in case of vdW fluids there is the first order phase transition and the limit curve is a normal to the real axis at the crossing point. This fact can be checked using equation of the limit curve (28) in vicinity of λ P T . Indeed one can find that in terms of the density ρ the limit curve (28) in the vicinity of ρ P T is defined as ρ = ρ P T − ± i , where → 0. Then, using vdW equation (24), one can obtain the limit curve in vicinity of λ P T as:
Re λ − λ P T ∼ (Imλ) 3/2 , where the tangent of the limit curve in λ P T is parallel to the imaginary axis. Fig. 4 demonstrates the limit curve near critical point β c = 27/8. One can see that if β/β c < 1 there is not any limit point on positive real axis, and when β/β c > 1 the curve reaches a positive real value.
IV. CONCLUSION
In this work we have obtained novel expression of real fluid partition function in NPTensemble represented in terms of cluster integrals. The approach allows to avoid density limitations of Mayer theory and to obtain the zeros of the partition function in NPT-ensemble.
We have applied the method for the cases of Tonk's gas and van der Waals fluid. In the case of Tonk's gas NPT-ensemble's partition function can be calculated exactly (21). This result defines the limit curve of the zeros in NPT-ensemble (22) which exactly matches results of the calculations using our approach (23) in the thermodynamic limit. In the case of van der Waals fluid we have calculated the zeros at various temperatures bellow critical point. At these conditions the distribution of the zeros demonstrates appearance of phase transition in the thermodynamic limit. Also we have proposed the equation of the limit curve of the zeros on complex λ-plane. This curve fits calculated zeros well and correctly describes the phase transition phenomenon.
